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Abstract
We study theoretically how we can determine the neutron density distributions
of unstable nuclei from proton elastic scattering. We apply the relativistic impulse
model to study the sensitivities of the observables to the density distributions which
are expressed in Woods-Saxon form. We find that the both radius and diffuseness of
densities can be determined from restricted elastic scattering data in principle. We
think this result is helpful to design future experiments.
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1 Introduction
Since the successful use of the radioactive ion beam, the properties of nuclei far from stability
line have been studied extensively in both theoretical and experimental ways [1, 2]. So far
clear evidences of neutron skin/halo structure are found for 11Li [3] and sodium isotopes
[4]. There are also many unstable nuclei which are expected to have interesting structures.
Thus, to study unstable nuclei is one of the most exciting subjects of nuclear physics.
In experiments, radioactive ions are usually provided as secondary beam and used for nu-
clear reactions. Since the targets should be heavy enough to use the beam energy efficiently,
it is difficult to use electron scatterings as a tool to investigate the nuclear structure. Fur-
thermore, intensities of the secondary beams are much lower than the primary beams used to
study the stable nucleus. Because of these facts we think that we need a kind of prescriptions
to determine the densities of unstable nucleus from the very restricted experimental data.
So far, to study the structure of the unstable nuclei we have used several kinds of data
such as interaction cross sections, neutron-removal cross sections, transverse momentum
distributions of projectile fragments, and so on [1, 2]. Using theoretical models of the nuclear
reactions, radii of some of unstable nuclei are extracted from the data. Even we can extract
the radii of both proton and neutron distributions when we have the information of charge
distribution [4, 5]. However, still it seems difficult to determine shapes of density distributions
from experimental data.
In this paper, we try to develop a prescription to determine both radius and diffuseness
of densities from restricted information of proton elastic scattering. Proton elastic scattering
on unstable nuclei has been performed several times [6, 7]. Since theoretical investigations of
the data indicate usefulness of the proton elastic scattering [8], it seems very interesting to
theoretically study the sensitivities of observables to nuclear structure and to propose which
should be observed to determine both radius and diffuseness. We expect that this result is
much helpful to design the future experiments.
In section 2, we describe relativistic impulse model which we have used to make a relation
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between nuclear density distributions and Dirac optical potentials. We show numerical
results and investigate the sensitivities of the observables to nuclear density parameters in
section 3. We summarize this paper in section 4.
2 Formulation
We calculate Dirac optical potentials using nuclear density distributions based on the rela-
tivistic impulse approximation (RIA) . Observables of proton elastic scatterings are obtained
by solving the Dirac equation with the RIA optical potentials. This model is known to de-
scribe the proton-nucleus elastic scattering sufficiently well for wide range of stable-nucleus
targets at intermediate energies [9].
The Dirac equation with an RIA optical potential term is given as;
{
Eγ0 − γ · p−M
}
ψ(p) = Uˆ(p,p′)ψ(p′), (1)
where E is the energy of proton in center of mass frame,M is the nucleon mass, and Uˆ(p,p′)
is the RIA optical potential which is written as follows;
Uˆ(p,p′) =
∫
d3k
(2pi)3
∑
α
ψ¯α(k +
1
2
q) (−Mˆ) ψα(k −
1
2
q). (2)
Here, ψα indicates the relativistic nucleon wave function in the target, Mˆ is Feynman nucleon-
nucleon amplitudes, and q = p− p′ is the momentum transfer.
We use the optimal factorization and rewrite the optical potential to so-called ’tρ’ form;
Uˆ(p′,p) =
1
4
Tr2(−Mˆ)ρˆ(q), (3)
where the Tr2 indicates to take summation of spin of nucleons inside the target. Nuclear
density in eq. (3) is written as;
ρˆ(q) = ρS(q) + γ
0
2ρV (q)−
α2 · q
2M
ρT (q). (4)
In numerical calculation, we take model densities in coordinate space and calculate each type
of ρ(q) in eq. (4) by Fourier transformation.
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The Feynman amplitudes in eqs. (2) and (3) are described as an expansion by complete
set of Lorentz covariants as;
Mˆ(p1, p2 → p
′
1, p
′
2) =
∑
ρ1,ρ2,ρ′1,ρ
′
2
Λρ
′
1(p′1)Λ
ρ′
2(p′2)
13∑
n=1
Mρ1ρ2ρ
′
1
ρ′
2
n (p1, p2 → p
′
1, p
′
2)κnΛ
ρ1(p1)Λ
ρ2(p2), (5)
where Λρ(p) is the covariant projection operator defined as Λρ(p) = 1
2M
(ρ γµpµ+M). The ρ
indicates + or - which distinguishes positive- and negative-energy components of the initial
and final states. The κn is unsymmetrized Fermi covariants shown in Table 1. In the present
calculation, we use the IA2 parameterization of the amplitudes in ref. [10].
3 Numerical Results
In this section, we show numerical results obtained by the theoretical model described in
the last section. First, we have calculated the observables of the proton elastic scattering
of 40Ca at T=300MeV and compared them with data in order to check our framework. We
calculate the RIA optical potential using the density distribution of relativistic mean field
theory (RMFT) [11]. The results are shown in Fig.1. As already discussed [12], we see that
the present framework ( the first-order RIA ) gives reasonably good predictions for both
differential cross section and analyzing power.
We, then, study the sensitivities of the observables to the shape of neutron density
distribution using the model densities. We use Woods-Saxon form defined as;
ρ(r) =
ρ0
1 + e(r−r0)/a
, (6)
where r0 is a radius parameter and a is a diffuseness parameter. As an example, we consider
extremely neutron-rich nuclei 60Ca and calculate the observables. The r0 parameter is fixed
to be 4.48 (fm) which is the half density radius of RMFT result and the a parameter is varied
from 0.5 to 2.0 (fm). We have used the same r0 and a parameters for both the scalar and
the vector densities appeared in eq. (4). We do not include the tensor density in this model
calculation using Woods-Saxon densities since its contribution to the cross section is known
to be small. We use the RMFT proton densities here. We show in Table.2 the calculated
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root-mean square radius and reaction cross section of each density. The differential cross
sections and spin observables are shown in Fig.2.
As shown in Table.2, we find that the reaction cross section is very sensitive to the root-
mean-square radius as we expected. The cross section increases monotonically when we
increase the diffuseness parameter and namely the root-mean-square radius of the nucleus.
We expect to obtain important information on nuclear size by observing reaction cross sec-
tion. In Fig. 2, we show the angular distribution of observables for each diffuseness value.
We can see interesting behavior of the differential cross section. ’The differential cross section
has a dip in smaller angles for smaller diffuseness parameters, namely for smaller root-mean-
square radii.’ We usually think that the dip spacing in the differential cross section can be
estimated using a relation ∆q ·R ∼ pi, where ∆q is the difference of momentum transfer cor-
responding to difference of the scattering angle and R is the nuclear radius. Thus, we expect
the first dip angle of the differential cross section will be more forward for larger nucleus.
The calculated results shown in Fig. 2 have opposite tendency to this naive expectation,
which seems to be useful to determine both radius and diffuseness parameter from data.
In order to clarify the validity of the two observables mentioned above, the reaction
cross sections and the first dip angles in the differential cross sections, we calculated the
both quantities for various neutron densities for the typical stable nucleus 40Ca. We have
assumed the Woods-Saxon form for neutron densities and varied the parameters in the range
of 3.2 ≤ r0 ≤ 4.3 [fm] and 0.1 ≤ a ≤ 0.8 [fm]. We use the proton density determined by the
relativistic mean filed theory (RMFT) which has been well established [13].
We show the results in Fig. 3. Each point corresponds to a result calculated with a
different neutron density. First, we can see clearly that there exist strong correlation between
root-mean-square radius rrms and reaction cross section σR as expected. This correlation is
almost independent to the Woods-Saxon density parameters as can be seen in the Fig.3 and
thus, is expected to be independent to detail structures of the nucleus. This fact indicates
that we can determine rrms by reaction cross sections in model independent way.
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On the other hand, in the same Fig.3, we see that the first dip angles of differential cross
sections depend on rrms in much different way from σR. The first dip angle varies in certain
range for a fixed rrms. Thus, in principle, we can determine the shape of the neutron density
distribution, both radius and diffuseness, using the two experimental data, reaction cross
section and first dip angle of differential cross section. We can fix the rrms from the reaction
cross section and, then, fix the unique combination of the radius and diffuseness parameters
by knowing the first dip angle of the differential cross section.
In order to check practical applicability of this idea, we show in Fig. 4 the contour
plot of (a) the reaction cross sections and (b) the first dip angles of the differential cross
section in the r0 (radius parameter) - a (diffuseness parameter) plane of the Woods-Saxon
neutron-density distribution. We consider 40Ca as a typical well-known stable nucleus to
check how well we can fix the neutron densities from the reaction cross section and the first
dip angle. The proton density determined by RMFT [13] is used in this calculation. We find
that the two contour plots show much different behavior and we can find a unique point in
the r0-a plane using the two kinds of data. In the figure, we show the experimental data
point, σR = 51 [fm
2] and θdip = 15.3 [deg], by solid circle and experimental uncertainties by
hatched area. We have assumed 2 % errors for experimental data. In the actual experiments
of proton elastic scattering of unstable nuclei, the experimental errors estimated to be several
percent for reaction cross sections and several milliradian for the first dip angles in the case
of 56Ca [14].
We show in Fig.5 neutron densities which are obtained from the reaction cross sections
and the first dip angles. For comparison, we also show the RMFT proton and neutron
densities in the same figure. We find the neutron density shown by the thick solid line,
which reproduce both experimental value, agrees extremely well with the RMFT neutron
density around nuclear surface where we expect to find interesting nuclear structure like
neutron halo and skin. They agree reasonably well nuclear inside, too. Then, in order to
investigate the effects of the errors included in the observations of the reaction cross sections
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and the first dip angles, we show the neutron densities determined by the 2 % different values
of these observables. Difference of three solid lines indicate the ambiguity of neutron density
determination by the present method in the case where we have 2 % error in both data.
We find that we can determine the neutron density distribution only using the reaction
cross sections and the first dip angles of proton elastic scattering if they can be measured
accurately enough. This is very interesting since we have a possibility to fix both radius and
diffuseness parameter by only two experimental numbers which can be measured practically.
We do not need to measure very small cross sections at larger angles, which are necessary
sometimes to perform standard χ2 fit.
As an example of the neutron rich nucleus, we consider 60Ca and applied the same
procedure for 40Ca explained above. We have used the proton density distribution calculated
by RMFT [11] for the 60Ca target. The reaction cross section and the first dip angles are
calculated using the RMFT neutron density first and they are 75.43 [fm2] and 12.22 [deg],
which are used instead of experimental values. We then replace the neutron densities to
the Woods-Saxon form and draw the contour plot as shown in Fig. 6. We assumed the 2
% errors for both the reaction cross sections and the first dip angles, which are shown as
hatched area.
In Fig. 7, we compare the obtained neutron densities of the Woods-Saxon form with the
RMFT neutron density used to calculate the cross section and the dip angle. We find that
their agreement is reasonably well. Although they differ each other about 10 % at r < 3
(fm), they show excellent agreement again around nuclear surface. By comparing the three
solid lines, we can also see the ambiguity of neutron density determination in case we have
2 % experimental errors in data of the reaction cross sections and the first dip angles of the
differential cross section. This example seems to indicate that our prescription is very useful
to determine the neutron density distribution of neutron rich nucleus from restricted data:
reaction cross section and the first dip position of differential cross section.
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4 Summary
We have studied proton elastic scattering theoretically to find a suitable prescription to
obtain the nuclear density distributions from restricted experimental data. We think that
this prescription must be very useful to study structure of unstable nuclei, for which we can
not apply electron scattering.
We have used relativistic impulse model to calculate the observables which are known to
describe the elastic scattering well. Sensitivities of observables to density shape are studied
with the Woods-Saxon model densities. We have found that the reaction cross section and the
first dip position of the differential cross section depend on the neutron density distribution
in much different way. We have shown that we can determine both radius and diffuseness
parameters in terms of the dip position and reaction cross section. The root-mean-square
radius is directly deduced from the reaction cross section, and the whole density shape can
be determined by help of the dip position.
In order to demonstrate applicability of the prescription, we have tried to determine the
neutron density distribution of 40Ca and 60Ca from the reaction cross section and the angle
of the first dip of the proton elastic scattering. We find that the density distribution can
be determine well if the both data can be observed accurately enough. We think that this
prescription is very useful to design future experiments.
In this paper, we focused our attention on the neutron density distribution assuming
that the proton densities are known precisely. This assumption is not always correct. In the
study of the unstable nuclei, in many cases, the proton density is not known. In such cases,
however, we can apply the prescription described in this paper to determine the shape of
the matter distribution. This is also valuable since only the root-mean-square radius of the
matter has been determined in the previous studies.
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Table 1. Definition of κn in eq. (5). The momentum Qij is defined as Qij =
1
2m
(p′i + pj)
where p and p′ correspond to initial and final momentum, respectively. S˜ is the Fierz
exchange operator defined as S˜ = 1
4
(κ1 + κ2 + κ3 + κ4 − κ5).
n κn n κn
1 I 6 γ2Q11
2 γ1γ2 7 γ1Q22
3 σ1σ2 8 Pγ2Q11
4 γ51γ
5
2 = P 9 Pγ1Q22
5 γ51γ1γ
5
2γ2 10 γ2Q12S˜
11 γ2Q21S˜
12 Pγ2Q12S˜
13 Pγ1Q21S˜
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Table 2. Root-mean-square radii and reaction cross sections calculated using the Woods-
Saxon neutron densities for 60Ca case. Results with RMFT density are also shown. We use
RMFT proton density [11] and fix the radius parameter of Wood-Saxon neutron densities to
r0 = 4.48 (fm) for all cases shown in this table.
diffuseness root-mean-square radius (fm) reaction cross section
density parameter neutron proton (fm2)
( fm ) scalar vector scalar vector
RMFT - 4.150 4.133 3.555 3.550 75.34
W-S 0.5 3.937 3.937 72.77
1.0 5.083 5.083 87.60
1.5 6.490 6.490 100.9
2.0 7.773 7.773 109.0
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Figure Captions
Figure 1 Observables of proton - 40Ca elastic scattering at T=300MeV. We show (a) dif-
ferential cross section, (b) analyzing power, and (c) spin-rotation parameter. Solid
curves show the calculated results with nuclear density obtained by relativistic mean
field theory (RMFT) [11]. Solid circles indicate experimental data taken from ref.[15].
Figure 2 Observables of proton - 60Ca elastic scattering at 300MeV using the Woods-Saxon
model densities for neutron distributions. We show (a) differential cross section, (b)
analyzing power, and (c) spin rotation parameter. Results with the diffuseness pa-
rameter a=0.5, 1.0, 1.5, 2.0 (fm) are shown by solid line, dotted line, dashed line,
dash-dotted line, respectively. The RMFT density [11] is used for proton distribution.
Figure 3 Calculated reaction cross sections (solid triangles) and first dip angles of the
differential cross sections (solid circles) are shown as a function of the root mean
square radius of neutron distribution for proton-40Ca elastic scattering at T= 300 MeV.
Proton density distribution determined by RMFT is used [13]. Neutron distribution
is assumed to have Woods-Saxon form which parameter is varied in the range of 3.2
≤ r0 ≤ 4.3 [fm] and 0.1 ≤ a ≤ 0.8 [fm]. Each point corresponds to the calculated
result with different neutron density distribution. For guiding eyes, we connect solid
circles calculated with the same diffuseness parameters by solid lines and those with
the same radius parameters by dashed lines.
Figure 4 Contour plots of (a) reaction cross section (fm2) and (b) first dip position of the
differential cross section (degree) in the r0 (radius parameter)-a (diffuseness parameter)
plane of Woods-Saxon neutron densities for 40Ca at T=300 MeV. We use RMFT
distribution [13] for the proton density. Experimental values are shown by dotted
lines in both plots, which cross at the point indicated by the solid circle. Experimental
error is assumed to be 2 % and shown as the hatched area in (a).
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Figure 5 Neutron density distributions of 40Ca determined from the reaction cross sections
and first dip angles are shown by solid lines. Thick solid line corresponds to the density
which reproduce the both experimental values shown as a solid circle in Fig.4. Solid
lines with a and c show the densities correspond to points a and c in Fig.4 (a) . For
comparison, the RMFT neutron and proton density distributions are shown by dotted
and dash-dotted line, respectively.
Figure 6 Contour plots of (a) reaction cross section (fm2) and (b) first dip position of the
differential cross section (degree) in the r0 (radius parameter)-a (diffuseness parameter)
plane of Woods-Saxon neutron densities for 60Ca at T=300 MeV. We use RMFT
distribution [11] for the proton density. Dotted lines indicate the calculated values
with RMFT neutron density, which cross at the point indicated by the black solid
circle. The hatched area in (a) indicates 2 % errors for the values with RMFT neutron
density.
Figure 7 Neutron density distributions of 60Ca determined from the reaction cross sections
and first dip angles are shown by solid lines. Thick solid line corresponds to the
density which reproduce the both values obtained with the RMFT neutron density
shown as a solid circle in Fig.6. Solid lines with a and c show the densities correspond
to points a and c in Fig.6 (a) . For comparison, the RMFT neutron and proton density
distributions are shown by dotted and dash-dotted line, respectively.
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